The objective of this work is to more accurately calculate velocities, particularly on boundaries, by using the Galerkin form of the generalized Helmholtz decomposition. This work describes advantages of using the generalized Helmholtz decomposition over other formulations and shows the accuracy and convergence advantages of Galerkin numerical methods over point collocation methods. Solutions based on Galerkin and point collocation methods are compared for two-dimensional problems. The comparison shows that Galerkin solutions are significantly more accurate and less oscillatory. Accordingly, the Galerkin method is recommended for use with vortex methods.
Introduction
Vorticity formulations of the incompressible Navier-Stokes equations require the determination of the velocity field from the vorticity field and the normal velocity boundary condition. An often-used formulation for the velocity is ,
where is the velocity induced by the vorticity field in the infinite domain , ,
with , the gradient of the infinite domain Green's function for Poisson equations, and d = 2 for two-dimensional flow, and d = 3 for three-dimensional flow. Variables of integration are denoted with primes. Eq. (2) is often referred to as the Biot-Savart Law.
The last term, is a velocity field that is irrotational, as imposed by its form ( ), and is divergence free, as imposed by the governing equation for the velocity potential, , in the fluid domain
The normal velocity boundary condition, , ( is the outward pointing unit normal vector) is imposed as a von Neumann boundary condition on Eq. (3) (assuming and are specified), . Eq. (4) shows how spatial variations in result in variations in the von Neumann boundary condition on Eq. (3) . Note that the tangential velocity on the boundary is determined as part of the solution of Eq. (3), i.e., the solution contains the tangential velocity .
The focus of this work has been to obtain accurate tangential velocities on the boundary. The tangential velocity is crucial to predicting flow stability and is the basis for vorticity creation in some formulations. Errors can arise from a variety of sources. Methods based on solving the differential equation Eq. (3) yield tangential velocity errors as a result of approximate derivatives on the boundary. Boundary element solutions to Eq. (3) have superior convergence properties but suffer from the same difficulties when applying gradient operators (discrete and analytical) to the potential function. Large errors in the tangential velocity on the boundary can also occur if spatial variations in the normal velocity boundary condition are not accurately resolved.
This paper presents the generalized Helmholtz decomposition (GHD) as an alternate formulation that avoids the errors in the tangential velocity by allowing boundary velocities to be calculated directly, i.e., without the use of an intermediate potential function. The GHD is solved using Galerkin and point collocation methods. Galerkin methods more accurately resolve variations in the normal velocity boundary condition and, therefore, are expected to yield more accurate solutions. Indeed, the Galerkin method is shown to be significantly more accurate and more convergent than point collocation methods. Analysis of the Galerkin formulation also allows insight into the appropriate use of the GHD and provide the basis for estimating the error in the solution before the solution is computed.
Governing Equations: The Generalized Helmholtz Decomposition
The specification of an incompressible velocity field, in terms of the vorticity field and the normal velocity boundary condition, is provided by the generalized Helmholtz decomposition
, where is the internal angle of the boundary. For points on smooth boundaries . For two-dimensional flow d = 2, and for three-dimensional flow d = 3. The fluid domain is denoted by R, and its surface is denoted by S. Primes indicate variables of integration. The unit normal vector is .
Equation (5) [7] , Casciola et al [3] .
Next we consider the determination of the tangential velocity from Eq. (5) (evaluated on the boundary), assuming that the normal velocity boundary condition, , and vorticity are specified. For three-dimensional flows the unknown tangential velocity is contained in the vortex sheet, , which has three nonnormal components (in general x, y, and z directions) so Eq. (5) has three components. Thus, there is an equation for each component of the unknown tangential velocity, allowing it to be readily determined. For two-dimensional flows the unknown tangential velocity is contained in the vortex sheet , whose direction is out of the plane, ), so the unknown has only one component. Eq. (5), however, has two components. Thus, in two-dimensional problems it must be determined which component of Eq. (5) should be solved. (6)) thus any discrete formulation will yield a matrix that is not diagonally dominant.
The tangential component of Eq. (6) is a Fredholm equation of the second kind for the unknown , (since appears on the left hand side of the tangential componenet of Eq. (6)) thus any discrete formulation will yield a diagonally dominant matrix.
This analysis would seem to indicate that the tangential component is more suitable for numerical analysis. However, there are other issues to consider, such as how this behavior is reflected in the numerical method, and the existence of the solution for multi-ply connected domains, which will be described next. In particular, it will be shown that for the Galerkin method, the normal component yields a rank deficient matrix, and the tangential component requires the application of a constraint to ensure existence of a solution.
Discretization of the Governing Equation
A weighted residual approach is discussed in which the governing equation ( ) is multiplied by a weighting function, , and integrated over the boundary .
If the weighting function is a delta function , a point collocation method is obtained with collocation points at locations . With point collocation information is used only at discrete points. If on an element and 0 elsewhere, a Petrov-Galerkin method is obtained. Petrov-Galerkin methods yield a solution that satisfies the governing equation in an integral sense but not pointwise. An intermediate approach is a Galerkin method in which the weighting functions are the basis functions used to represent spatial variations over a finite element. Since the basis functions are a function of space, some point-wise information is included in addition to some integral information. This approach has been found to provide useful solutions for a wide variety of equations.
To obtain a discrete version of Eq. (7), the boundary is discretized into N e boundary elements, with basis functions , that have N b nodes on each element. A Galerkin form of Eq. (7) is obtained by using the basis function of each element as the weighting function and integrating over the entire boundary (where the basis functions are zero outside the element to which they belong). Let represent either the normal unit vector or the tangential unit vector . To further simplify the notation, the differential arc length, ds, is omitted from the line integrals. Either component is then represented as 
for 2D, where the coefficient is defined as .
The quantity denotes the velocity induced on element k by the vortex sheet associated with the j-th basis function on element i.
is the Kronecker delta function. To obtain linear coefficients for the vortex sheet nodal values, let . The resulting discretized governing equation is a set of linear equations described by .
Detailed consideration of any column in the matrix reveals that the sum of the matrix entries in any column is the numerical approximation to the boundary integral of the velocity (normal or tangential) induced by the single vortex sheet associated with that column, as indicated by
The left-hand side of Eq. (10) is the sum of the marix entries in any column, and the right-hand side denotes the analytical representation of the boundary integral of the velocity (either normal or tangential, as specified) induced by a vortex sheet defined by the nodal value and the j-th basis function, , on element e i .
For normal and tangential components of velocity, the boundary integrals on the right-hand side of Eq. (10) are related kinematically to other known quantities. This observation can be used to indicate the accuracy of the numerical method used to evaluate the left-hand side of Eq. (10) and to show which component of the governing equation should be solved, as discussed below.
For the normal component ( ), Eq. (10) is the integral of the normal velocity induced by the vortex sheet over the boundary. This quantity is related to the divergence of the velocity by the divergence theorem .
( 1 1 ) For incompressible flows , so that from Eq. (11), .
Thus, if the normal component of the governing equation is used, the sum of all elements in a column should be zero for every column. In any column sum, the nodal value of the vortex sheet is constant. Thus, for the normal component of the governing equation and , the constant value can be eliminated from the column sum, with no loss of generality, to obtain the analytical result, .
( In this case where every column sum is zero analytically, then any particular row equals the opposite of the sum of all the other rows. As a result, an entire of row of zeros can be obtained, indicating that the matrix is rank deficient. Thus, this analysis shows (analytically) that the normal component of the governing equation yields a rank deficient matrix. This indicates that the normal component of the governing equation should not be used.
For the tangential component of the governing equation, , the column sum, Eq. (10), is the integral of the tangential velocity over the entire boundary. Stokes' theorem (or the theorem of the rotational) states that this boundary integral of the tangential velocity is equal to the domain integral of the vorticity .
( 1 3 ) (A three-dimensional version of this identity also exists.) Recall that the sum of the entries in a column of the matrix corresponds to the boundary integral of the tangential velocity induced by the vortex sheet specified by the nodal value and the j-th basis function on element e i , . This quantity corresponds to the left-hand side of Stokes' theorem.
(14)
For a 2-D interior flow, the right-hand side of Stokes' theorem is evaluated by considering that the only vorticity in the problem is the vortex sheet . The area integral of the vorticity for this special case is (simply connected domains).
This equation shows that the column sum is non-zero, and thus the matrix is not rank-deficient, suggesting that the tangential component is the appropriate component to be used for numerical computation.
The preceding discussion is appropriate for internal flows. In external flows there are well-known, additional features that must be considered. For example, consider flow around a cylinder in an infinite domain. First, note that all vortex sheets associated with the tangential velocity on the boundary are outside the boundary of the cylinder so that the boundary does not enclose the vortex sheet. By Stokes' theorem the integral over the entire cylinder boundary of the tangential velocity induced by any particular vortex sheet must be zero, (multiply-connected domains). This result shows that for an exterior flow, application of the Galerkin method to the tangential component of the governing equation yields a matrix in which the sum of each column is zero. As discussed for the case of the normal component of the governing equation, if each column sums to zero, the matrix is rank deficient. This rank deficiency is well-known for exterior problems. Methods to treat this problem are discussed by Greenbaum, Greengard, and McFadden [4] . The fact that the Galerkin numerical formulation reflects analytic rank deficiency is viewed as an advantage of the numerical method.
To summarize, a Galerkin formulation was presented for use in solving for the tangential velocity on the boundary given the normal velocity boundary condition and the vorticity field. Analysis of the formulation shows that the tangential component of the formulation should be used, since the normal component leads to a rank deficient set of equations. Next, numerical examples are presented to show the advantages of the Galerkin approach over the often-used point collocation method.
Numerical Examples
The Galerkin formulation and a point collocation formulation are applied to two flows in a two-dimensional square domain shown in Figure 1 . Linear boundary elements are used in each problem. The velocity induced by a linear vortex sheet on each boundary is known analytically [1] .
The first problem has zero vorticity and uniform boundary conditions on each side (uniform inlet and outlet velocities on two opposing sides with zero normal velocity on the remaining sides). See Figure 1b analytical solution is a uniform flow: The tangential velocity on the inlet and outlet boundaries is zero, and the tangential velocity on the remaining sides is the same as the inlet and outlet velocity.
For this simple problem highly accurate solutions (within 10 -16 for double-precision calculations) are obtained for both Galerkin and point collocation methods for all discretizations. This exceptional behavior occurs because the simple boundary conditions are resolved very well in each case. For the more difficult problem discussed next, the boundary conditions have non-trivial spatial variations that are resolved to differing extents by each method. As a result, the solutions are very different.
The second, more difficult problem has uniform vorticity in the domain and requires zero normal velocity on all boundaries, as shown in Figure 1a . Linear boundary elements were used with both Galerkin and point collocation methods, and discretizations of 10, 20, 100, and 200 elements per side are considered. For the point collocation method, the evaluation points were at the mid-point of each element.
The velocity induced by a uniform, square vorticity field is known analytically. The x and y velocities on the boundary of the unit square are shown in Figure 1 . This is a severe test of the method from the point of view that the normal velocity induced by the vorticity field at the corners changes sign from one side of the corner to the other.
Solutions for the tangential velocity were computed using linear boundary elements. Solutions will be shown for point collocation and Galerkin methods. A four-point Gaussian quadrature was used to evaluate the boundary integrals associated with the Galerkin method. For the point collocation solutions, the collocation point was the mid-point of each element. For simplicity all nodes shared by two elements were assumed to have the same value of , even at corners, which is valid for this problem but not in general. Having shown the superior convergence properties of the Galerkin boundary element formulation, we now examine the accuracy of the solutions. This is important from the point of view that for constant density, incompressible flows, vorticity generation is often derived from the vortex sheets on the boundary. Thus, we wish to accurately calculate the vortex sheets. Figure 2c shows an estimate of the relative errors based on the Galerkin solution for 200 points on a side. For any discretization the Galerkin solution is approximately ten times more accurate than the point collocation solution. In fact, relative errors show that the Galerkin solution with 10 points per side is more accurate everywhere than the point collocation solution with 100 points per side.
Discussion of Results
The largest errors occur in the corners. This is due to the highly nonlinear velocity induced by one element in a corner on the other element in the corner, which is not adequately represented by the quadrature.
The analytic value of the vortex sheet strength in the corners is known to be zero. This result is determined from the (zero) normal velocities on the two elements comprising the corner and by requiring the x and y velocity components to be continuous in the corners, regardless of the direction from which the corner is addressed. Table 1 tional to the element size. (The large errors and low-order of the solution is being addressed using adaptive quadrature methods, such as described in Telles [12] .)
Summary
The generalized Helmholtz decomposition was described for use as a formulation to enforce the normal velocity boundary condition when an incompressible velocity field is to be calculated from the vorticity field. The tangential velocity boundary condition is calculated directly in the generalized Helmholtz decomposition, without the artifice of a velocity potential and its attendant difficulties.
In the two-dimensional problems considered, the vortex sheet has a single component (out of the plane), so a single component of the generalized Helmholtz decomposition (a vector equation) must be chosen. To address this issue, an analysis of the Galerkin formulation of the decomposition was presented. The analysis showed that when considering the normal component of the decomposition, the column sum is always zero, which indicates that matrix is rank deficient and, therefore, is not a good choice for numerical solutions. On the other hand, a column sum for the tangential component of interior problems is equal to the non-zero integral of the vortex sheet associated with that column. thus, the tangential component is the best choice of equations to solve for the unknown vortex sheet strength.
A comparison was made of solutions based on Galerkin and point collocation numerical methods. The Galerkin method was an order of magnitude more accurate and less oscillatory than point collocation methods for the general case where the normal velocity boundary condition has non-trivial spatial variations. Point collocation methods simply do not represent these variations as well as the integral-based Galerkin method.
Future work is planned to explore the use of column sums as error indicators. In particular the column sums are known so that the difference between the computed column sum and the analytical value allow an assessment of the errors inherent in the numerical method. This observation might provide for the prediction of errors before the solution is obtained. Additional work is also planned to address the large errors that occur in corners. This will be critical in three-dimensional methods, where analytical solutions are not available for bilinear and higher-order elements, as they are in two-dimensions. As a result, quadratures will be needed for the integrals in the original generalized Helmholtz decomposition, and the quadrature solutions are expected to introduce additional errors. Adaptive quadrature methods are anticipated to be useful to address this issue. 
